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A ﬁnite mode III crack in a piezoelectric semiconductor of 6 mm crystals is analyzed. Fourier transform is employed to
reduce the mixed boundary value problem to a pair of dual-integral equations. Numerical solution of these equations
yields coupled electromechanical ﬁelds, the intensity factor and the energy release rate near the crack tip. Numerical results
are presented graphically to show the fracture behavior which is aﬀected by the semiconduction.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Piezoelectric materials have been widely used in various electronic and electromechanical devices and sys-
tems. Piezoelectric materials include dielectrics which have been extensively investigated and semiconductors
which have received much less attention so far. A mechanical ﬁeld in a piezoelectric crystal is usually accom-
panied by an electric ﬁeld. When a piezoelectric crystal is also semiconducting, the electric ﬁeld produces cur-
rents and space charge. The interaction between mechanical ﬁelds and mobile charges in piezoelectric
semiconductors is called the acoustoelectric eﬀect (Hutson and White, 1962). White (1962) also showed that
an acoustic wave traveling in a piezoelectric semiconductor can be ampliﬁed by the application of a dc electric
ﬁeld. This phenomenon is called the acoustoelectric ampliﬁcation of acoustic waves. Swierkowski et al. (1973)
analyzed surface-wave ampliﬁcation in piezoelectric semiconductors. Paisana (2000) modeled the charge trans-
fer in a piezoelectric semiconductor driven by surface acoustic waves. Hickernell (1969) studied piezoelectric
semiconductor acoustic wave delay lines. Recently Hickernell (2003) also reviewed development of piezoelec-
tric semiconductor devices.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.033
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cially on mode III problems (anti-plane problems), e.g., Li and Fan (2002); Yang and Kao (1999); Kwon and
Lee (2000); Zhang and Tong (1996) and Wang and Yu (2000), but all were for non-conducting dielectrics. The
research on the fracture behavior of piezoelectric semiconductors has essentially not been reported except that
Yang (2004) studied an anti-plane, semi-inﬁnite crack in a piezoelectric semiconductor and obtained the ana-
lytical expressions of electromechanical ﬁelds around the crack.
Quite a few widely used piezoelectric semiconductors are of crystal class 6 mm and are of n-type with elec-
tronic conduction (Hickernell, 2003; Hutson, 1960). In this paper, we study a ﬁnite mode III crack in an
unbounded, n-type piezoelectric semiconductor of 6 mm crystals. The Fourier transform technique is used
to reduce the problem to a pair of dual-integral equations. The integral equations are solved numerically to
obtain the electromechanical ﬁelds, the intensity factor and the energy release rate near the crack tip. As
an example, numerical results for ZnO are presented graphically to show the eﬀects of semiconduction on
fracture.2. Formulation of the problem
Consider a ﬁnite crack of length 2a in an inﬁnite, homogeneous, n-type piezoelectric semiconductor (class
6 mm) as shown in Fig. 1. The sixfold axis is along the x3-axis such that the ox1x2 plane is a transversely iso-
tropic plane. In the reference, unloaded state the electron density is n0 which produces no net space charge. A
uniform shear stress p and a uniform electric load (a uniform normal electric current J0 or a uniform electric
displacement D0) are applied on the crack surfaces. We denote the electric ﬁeld, the change of the electron
density, and the electric current by Ei, n and Ji, respectively. For static problems without body source, the lin-
ear theory consists of the mechanical equations of equilibrium, Gauss’s law of electrostatic, and the conser-
vation of charge:Fig. 1.
displacrij;j ¼ 0; Di;i ¼ qn; J i;i ¼ 0; ð1Þ
where rij, Di and q are, respectively, the stress tensor, the electric displacement vector and the electronic char-
ge. Following Hutson and White (1962) and White (1962), the constitutive relations of n-type piezoelectric
semiconductors can be written asrij ¼ cijklSkl  ekijEk; Di ¼ eijkSjk þ eijEj;
J i ¼ qn0lijEj þ qdijn;j;
ð2Þwhere cijkl, eijk and eij stand for the elastic, the piezoelectric and the dielectric constants. dij and lij are the elec-
tron diﬀusion constants and mobility. dij and lij have the same structure as eij (Yang, 2004). We note that the q
and lij in (1) and (2) diﬀer from the q and lij in Yang (2004) by a sign. If the q and lij in (1) and (2) are replaced
by q and lij, the corresponding equations in Yang (2004) will result. The strain tensor Sij and the electric








A ﬁnite crack subjected to a uniform shear stress and a uniform electrical load (a uniform normal current or a uniform electric
ement) in a piezoelectric semiconductor.
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are allowed by (1)–(3):u1 ¼ u2 ¼ 0;
u3 ¼ u3ðx1; x2Þ;/ ¼ /ðx1; x2Þ; n ¼ nðx1; x2Þ:
ð4ÞThe boundary conditions at inﬁnity are expressed ass23ðx1; x2Þ ¼ 0; E2ðx1; x2Þ ¼ 0; nðx1; x2Þ ¼ 0; x2 !1: ð5Þ
For anti-plane problems, (2) simpliﬁes tos13 ¼ c44 ou3=ox1 þ e15 o/=ox1;
s23 ¼ c44 ou3=ox2 þ e15 o/=ox2;
D1 ¼ e15 ou3=ox1  e11 o/=ox1;
D2 ¼ e15 ou3=ox2  e11 o/=ox2;
J 1 ¼ qn0l11 o/=ox1 þ qd11 on=ox1;
J 2 ¼ qn0l11 o/=ox2 þ qd11 on=ox2:
ð6ÞSubstituting (6) into (1) yields to the governing equationsc44r2u3 þ e15r2/ ¼ 0; e15r2u3  e11r2/ ¼ qn; n0l11r2/þ d11r2n ¼ 0; ð7Þ
where $2 is the two-dimensional Laplacian operator. Eq. (7) can be further decoupled intor2n ¼ l11c44qn0
d11ðe215 þ c44e11Þ
n;






Eq. (8)1 can be written asr2n b2n ¼ 0; b2 ¼ l11c44qn0
d11ðe215 þ c44e11Þ
: ð9ÞSince the ﬁelds are anti-symmetric with respect to x2 = 0 and symmetric with respect to x1 = 0, it is suﬃcient
to consider the region of x1 > 0, x2 > 0. Using the Fourier cosine transformation about x1, (9) becomesd2~n
dx22




nðx1; x2Þ cosðnx1Þ dx1;
nðx1; x2Þ ¼ 2p
Z 1
0
~nðn; x2Þ cosðnx1Þ dn:
ð10ÞWe denote n2 + b2 = x2 and assume x > 0. Then the solution to (10) is given by~n ¼ AðnÞ expðxx2Þ þ BðnÞ expðxx2Þ: ð11Þ




AðnÞ expðxx2Þ cosðnx1Þ dn: ð12Þ
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Z 1
0








EðnÞ expðnx2Þ þ d11l11n0
AðnÞ expðxx2Þ
 
cosðnx1Þ dn: ð14ÞIf A(n) = 0 in (12)–(14), the solution reduces to the solution of a piezoelectric dielectric. Substituting (12)–(14)
into (6)2,4,6 yieldss23 ¼  2p
Z 1
0









J 2 ¼ 2l11qn0p
Z 1
0
nEðnÞ expðnx2Þ cosðnx1Þ dn:
ð15ÞIt is necessary to prescribe three boundary conditions on the crack surface and at the crack extension line of
x1 > a, x2 = 0, respectively, in order to obtain the solution. For the boundary conditions on the crack surface,
we consider two cases as follows:Case 1 : s23ðx1; 0Þ ¼ p; D2ðx1; 0Þ ¼ 0; J 2ðx1; 0Þ ¼ J 0; 0 < x1 < a; ð16Þ
Case 2 : s23ðx1; 0Þ ¼ p; D2ðx1; 0Þ ¼ D0; J 2ðx1; 0Þ ¼ 0; 0 < x1 < a: ð17ÞPhysically, (16) can be approximately realized to any desired accuracy by depositing many small and disjoint
electrode patches on the crack surface and draining the charges on these electrode patches at a rate J0. Eq. (17)
can be approximately realized by further adding a very thin dielectric (non-conducting) layer between the
semiconductor and the electrode patches, and keeping the electrode patches open with a ﬁxed amount of char-
ge on each electrode patch. The boundary conditions at the crack extension line of x1 > a, x2 = 0 can be writ-
ten asu3ðx1; 0Þ ¼ 0; /ðx1; 0Þ ¼ 0; nðx1; 0Þ ¼ 0; x1 > a; ð18Þ
due to the anti-symmetry in u3, / and n.









































AðnÞ cosðnx1Þ dn ¼ 0:
ð20ÞThen three pairs of dual-integral equations can be obtained from (19) and (20) as follows:




nEðnÞ cosðnx1Þ dn ¼ J 0l11qn0
; 0 < x1 < a;Z 1
0






nCðnÞ cosðnx1Þ dn ¼ pc44 
e15J 0
l11c44qn0
; 0 < x1 < aZ 1
0










; 0 < x1 < aZ 1
0
AðnÞ cosðnx1Þ dn ¼ 0; x1 > a:











n1J 1ðanÞ; ð25Þwhere J1 () denotes Bessel function of the ﬁrst kind of one-order. Eq. (23) can be solved by the Copson method






: ð26ÞThen (23) becomesZ 1
0








; 0 < x1 < aZ 1
0
AðnÞ cosðnx1Þ dn ¼ 0; x1 > a:









tUðtÞ J 0ðntÞ dt: ð28ÞSinceZ 1
0
J 0ðtnÞ cosðx1nÞ dn ¼ 0; x1 > t; ð29Þwhere J0 denotes Bessel function of the ﬁrst kind of zero-order. Eq. (27)2 is satisﬁed automatically. Substitut-
ing (28) into (27)1 leads to a Fredholm integral equation of the second kind for U(t)/ðtÞ þ
Z a
0
Kðg; tÞ UðgÞ dg ¼ 1; ð30Þwhere the kernel function K(g, t) is given by
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Z 1
0
nGðnÞ J 0ðgnÞ J 0ðtnÞ dn: ð31ÞIt follows from (26) that G(n)! 0 as n!1. We introduce the following dimensionless variables and func-
tions for convenience in the numerical calculation:n ¼ 1=a; t ¼ aN; g ¼ aH ;
UðtÞ ¼ WðNÞﬃﬃﬃ
N
p ;UðgÞ ¼ WðHÞﬃﬃﬃﬃ
H
p : ð32ÞInserting (32) into (30) givesWðNÞ þ
Z 1
0













; x1 > a; ð35Þ





























p dt þ e15
c44









nGðnÞ J 0ðtnÞ cosðx1nÞ dn; x1 > a; ð36Þ










































nGðnÞJ 0ðtnÞ cosðx1nÞ dn; x1 > a; ð37Þ


























nGðnÞ J 0ðtnÞ cosðx1nÞ dn; x1 > a: ð38ÞU(a) = W(1) in (36)–(38) can be obtained from (32). It is interesting to calculate the intensity factors at the
crack tip. Following Pak (1990), we obtain the ﬁeld intensity factors as:























































ð39ÞThe value of W(1) in (39) can be numerically calculated through (33). The corresponding forms of the ﬁeld
intensity factors of non-conducting piezoelectric dielectrics are (hereafter a subscript ‘‘0’’ stands for the solu-


















ð40ÞFor comparison, letDKD ¼ KD  KD0 ¼ DK1;


















ð41ÞTo obtain the energy release rate, we use the expression given by Pak (1990)G ¼ K
rKc  KDKE
2




















































KE ¼ c44D0  e15p
e215 þ c44e11
Wð1Þ ﬃﬃﬃﬃﬃpap :
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; N ¼ e15
c44
p  D0:












e11p2 þ 2e15pD0  c44D20
e215 þ c44e11
:
ð47ÞWe make the following observations from (39)–(47):
(i) The ﬁelds near the crack tip still exhibit r1/2 singularities. Moreover, these ﬁeld intensity factors satisfy
the relations of Kr = c44K
c  e15KE and KD = e15 Kc + e11 KE, which are the same as the results of a pie-
zoelectric dielectric in Zhang and Tong (1996) and Pak (1990).
(ii) The form of the stress intensity factor of a piezoelectric semiconductor is the same as that of a piezoelec-
tric dielectric. But the electric displacement intensity factor, the strain intensity factor and the electric
ﬁeld intensity factor are diﬀerent from those of a piezoelectric dielectric, which indicates that they are
aﬀected by the conductivity. Furthermore, the eﬀects depend on the magnitude and the direction of elec-
tromechanical loadings and the material properties.
(iii) The stress and the electric displacement near the crack tip of a piezoelectric dielectric are uncoupled, i.e.,
the electrical loading cannot produce mechanical stress in the crack plane ahead of the crack tip and vice
versa, which follows Park and Sun (1995). However, for a piezoelectric semiconductor the mechanical
stress can produce electric displacement in the crack plane ahead of the crack tip.
(iv) When W(1) = 1, all the solutions reduce to those of a piezoelectric dielectric.
4. Numerical results and discussion
The piezoelectric semiconductors of class 6mm which are widely used include Zinc Oxide (ZnO), Cadmium
Sulﬁde (CdS), and Cadmium Selenide (CdSe) etc (Hickernell, 2003; Hutson, 1960; Auld, 1973), which are typ-
ical n-type semiconductors due to their native defects. In the present paper we choose the commercially avail-
able ZnO as an example to examine its fracture behavior. The length of the crack is 2a = 0.02 m. The material
properties are (Auld, 1973):c44 ¼ 4:247 1010 N=m2; e15 ¼ 0:48 C=m2; e11 ¼ 7:570 1011 F=m: ð48Þ
From Goodge (1983),l11 ¼ 0:02 m2=Vs; d11 ¼ 5:2 104 m2=s: ð49Þ
The value of W(1) depends on the initial equilibrium number of electrons which produces electrical neutral-
ity in the reference state. According to Hickernell (2003), the resistivity of ZnO is in the range of 104–
1010X m. Then the corresponding n0 is in the range of 10






Fig. 2 shows the intensity factors versus n0 (or the conductivity). The intensity factors increase with the
increase of n0. Fig. 2 also indicates that when the order of magnitude of n0 is less than 10
9 m3, the intensity
factors have little diﬀerence from the results of a piezoelectric dielectric.




















Fig. 2. Eﬀect of conduction on intensity factors.
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direction, the magnitude, and the type of the electrical loads. Solving for the roots of the quadratic equations





























c44Wð1Þ ; ð51Þwhere a negative ratio represents the case that the direction of one of the loads is reversed. This shows that, for
certain electrical and mechanical loads, crack arrestment can be observed. It is also interesting to note that in
the absence of mechanical loads, i.e., when p = 0, the energy release rate is always negative, indicating that a
crack would not propagate under these conditions. These observations agree with those of Deeg (1980). As





















Fig. 3. Energy release rate (Case 1, p = 4.2 · 105 N/m2).


























Fig. 4. Energy release rate (Case 2, p = 4.2 · 105 N/m2).
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ferentiating G with respect to the electrical loads. For the present problem, they occur atCase 1 J 0 ¼ e15d11b
2Wð1Þ
c44½Wð1Þ  1 p; ð52Þ
Case 2 D0 ¼ e15c44 p ¼ 7:747 10
5 C=m2: ð53ÞIn these two cases, the maximum energy release rates under diﬀerent conductivity are identical. The corre-
sponding electrical loads are slightly diﬀerent due to the eﬀect of the conductivity in Case 1 and are identical
in Case 2. Figs. 3 and 4 show that, in these two cases, as the magnitude of the electrical load is increased from
zero, G can be made either to increase or to decrease depending on the direction and the magnitude of the
electrical load. This means that, at a given mechanical load, the presence of the electrical load can either accel-
erate or slow down crack growth, depending on the direction, the magnitude and the type of the electrical
load. However, once the maximum G is reached, further increase in the electrical load will monotonically de-
crease G, i.e., further increase in the electrical load always slows down crack growth. It can also be seen from
Figs. 3 and 4 that the variation of G with the electrical load decreases with the increase of n0 and the energy
release rate tends to be always positive when n0 is suﬃciently large.
5. Conclusion
A mode III crack in an inﬁnite, n-type piezoelectric semiconductor is studied. By Fourier transform, the
electromechanical ﬁelds, the intensity factors and the energy release rates near the crack tip are obtained.
The fracture behavior of a piezoelectric semiconductor under the inﬂuenced of conductivity is examined
through a numerical example. The fracture toughness Kc and the critical energy release rate Gcr have not been
reported, which require to be measured by new experiments.
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